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Consider the following nonlinear semidefinite programming (NLSDP for short): $$\documentclass[12pt]{minimal}
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NLSDP ([1.1](#Equ1){ref-type=""}) has a broad range of applications such as eigenvalue problems, control problems, optimal structural design, truss design problems (see \[[@CR1]--[@CR3]\]). So it is desired to develop numerical methods for solving NLSDP ([1.1](#Equ1){ref-type=""}).

In recent years, NLSDPs have been attracting a great deal of research attention \[[@CR1], [@CR3]--[@CR25]\]. As is well known, NLSDP ([1.1](#Equ1){ref-type=""}) is an extension of nonlinear programming, some efficient numerical methods for the latter are generalized to solve NLSDP. For example, Correa and Ramirez \[[@CR26]\] proposed an algorithm which used the sequential linear SDP method. Fares *et al.* \[[@CR27]\] applied the sequential linear SDP method to robust control problems. Freund *et al.* \[[@CR4]\] also studied a sequential SDP method. Kanzow *et al.* \[[@CR9]\] presented a successive linearization method with a trust region-type globalization strategy.

In addition, Kovara and Stingl \[[@CR10]\] developed a computer code PENNON for solving NLSDP ([1.1](#Equ1){ref-type=""}), where the augmented Lagrangian function method was used. Sun *et al.* \[[@CR20]\] and Luo *et al.* \[[@CR11], [@CR22]\] proposed an augmented Lagrangian method for NLSDP ([1.1](#Equ1){ref-type=""}), respectively. Sun *et al.* \[[@CR19]\] analyzed the rate of local convergence of the augmented Lagrangian method for NLSDPs. Yamashita *et al.* recently proposed a primal-dual interior point method for NLSDP ([1.1](#Equ1){ref-type=""}) (see \[[@CR23]\]). The algorithm is globally convergent and locally superlinearly convergent under suitable conditions. Very recently Aroztegui \[[@CR28]\] proposed a feasible direction interior point algorithm for NLSDP ([1.1](#Equ1){ref-type=""}) with only semidefinite matrix constraint.

As we know, QP-free (also called SSLE) method is a kind of efficient methods for standard nonlinear programs (see \[[@CR16]\]-\[[@CR13]\]). In this paper, motivated from QP-free method for standard nonlinear programs, based on techniques of perturbation and penalty function, we propose a globally convergent QP-free algorithm for NLSDP ([1.1](#Equ1){ref-type=""}). The construction of systems of linear equations (SLE for short) is a key point. Based on KKT conditions of NLSDP ([1.1](#Equ1){ref-type=""}) and techniques of perturbation, we construct two SLEs skillfully. At each iteration, the search direction is yielded by solving two SLEs with the same coefficient matrix; An exact penalty function is used as the merit function for line search and the step size is determined by suitable inexact line search. The global convergence of the proposed algorithm is shown under some mild conditions.

The paper is organized as follows. In Section [2](#Sec2){ref-type="sec"} we restate some definitions and results on NLSDP and matrix analysis. In Section [3](#Sec3){ref-type="sec"} the algorithm is presented and its feasibility is discussed. The global convergence is analyzed in Section [4](#Sec4){ref-type="sec"}. Some preliminary numerical results are reported in Section [5](#Sec5){ref-type="sec"} and some concluding remarks are given in the final section.

Preliminaries {#Sec2}
=============

For the sake of convenience, some results on matrix analysis and NLSDP are restated in this section, which will be employed in the following analysis of the proposed algorithm. More introduction for theory of matrices should be seen in \[[@CR21]\] and \[[@CR6]\]. Denote by $\documentclass[12pt]{minimal}
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Definition 2.1 {#FPar1}
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Definition 2.2 {#FPar2}
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Remark 2.1 {#FPar4}
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One choice for the matrix *Q* is given in the appendix of \[[@CR21]\].
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The proof is elementary and omitted here.
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We are now in a position to restate the definition of the first order optimality conditions for NLSDP ([1.1](#Equ1){ref-type=""}).

Definition 2.4 {#FPar11}
--------------

\[[@CR18]\]
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Remark 2.2 {#FPar12}
----------

According to the Von Neumann-Theobald inequality, the complementarity condition $\documentclass[12pt]{minimal}
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The algorithm {#Sec3}
=============

In this section, we present our algorithm and show it is well defined. For the sake of simplicity, we introduce some notations: $$\documentclass[12pt]{minimal}
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In order to solve ([3.1](#Equ17){ref-type=""}) at each Newton iteration, we define a vector-value function $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x^{0},\Lambda^{0},\mu^{0})\in \mathcal{F}\times\mathcal{S}_{++}^{m}\times R^{l}$\end{document}$ is the new estimates given by the Newton-like iteration, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\overline{\lambda}:=\operatorname{svec}(\overline{\Lambda})$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda^{0}:=\operatorname{svec}(\Lambda^{0})$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d^{0}=x-x^{0}$\end{document}$, we obtain from ([3.2](#Equ18){ref-type=""}) $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \begin{aligned} &Hd^{1}+\nabla\mathcal{A}(x)^{\mathrm{T}} \lambda^{1}+\nabla h(x)\mu^{1}=-\nabla f(x), \\ &(\overline{\Lambda}\otimes_{s}I)\nabla\mathcal{A}(x)d^{1}+ \bigl(I\otimes _{s}\mathcal{A}(x)\bigr)\lambda^{1}=-\overline{ \lambda}\bigl\| d^{0}\bigr\| , \\ &\nabla h(x)^{\mathrm{T}}d^{1}=-h(x). \end{aligned} \end{aligned}$$ \end{document}$$

In order to ensure that SLEs ([3.3a](#Equ19){ref-type=""})-([3.3c](#Equ21){ref-type=""}) and ([3.4](#Equ22){ref-type=""}) have a unique solution, respectively, the following assumption is required. *For any* $\documentclass[12pt]{minimal}
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The following lemma gives a sufficient condition of the assumption A1.

Lemma 3.1 {#FPar13}
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The proof is elementary and it is omitted here.

In our algorithm the following exact penalty function is used as a merit function for line search: $$\documentclass[12pt]{minimal}
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By ([3.8](#Equ26){ref-type=""}), the following lemma is obvious.
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-----
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+ \sum_{j\in\mathcal{E}}\mu _{j}^{k0} \bigl(d^{k0}\bigr)^{\mathrm{T}}\nabla h_{j} \bigl(x^{k}\bigr)+\bigl(d^{k0}\bigr)^{\mathrm{T}}\nabla \mathcal {A}\bigl(x^{k}\bigr)^{\mathrm{T}}\lambda^{k0}=- \bigl(d^{k0}\bigr)^{\mathrm{T}}\nabla f \bigl(x^{k} \bigr). $$\end{document}$$ According to the second equation of ([3.8](#Equ26){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigl(d^{k0}\bigr)^{\mathrm{T}}\nabla\mathcal{A} \bigl(x^{k}\bigr)^{\mathrm{T}}\lambda^{k0}=-\bigl(\lambda ^{k0}\bigr)^{\mathrm{T}}\bigl((\overline{\Lambda}_{k} \otimes_{s}I_{m})^{-1}\bigl(\mathcal {A} \bigl(x^{k}\bigr)\otimes_{s}I_{m}\bigr) \bigr)^{\mathrm{T}}\lambda^{k0}. $$\end{document}$$ Substituting the above equality and the third equality of ([3.8](#Equ26){ref-type=""}) into ([3.19](#Equ37){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \bigl(d^{k0}\bigr)^{\mathrm{T}}\nabla f\bigl(x^{k} \bigr) \\& \quad =-\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+ \bigl(\lambda^{k0}\bigr)^{\mathrm{T}}\bigl((\overline{\Lambda }_{k}\otimes_{s}I_{m})^{-1}\bigl( \mathcal{A}\bigl(x^{k}\bigr)\otimes_{s}I_{m}\bigr) \bigr)^{\mathrm{T}}\lambda^{k0} +\sum_{j\in\mathcal{E}} \mu_{j}^{k0}h_{j}\bigl(x^{k}\bigr). \end{aligned}$$ \end{document}$$ In view of Lemma [2.4](#FPar8){ref-type="sec"}, the matrix $\documentclass[12pt]{minimal}
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                \begin{document}$(\overline{\Lambda }_{k}\otimes_{s}I_{m})^{-1}(\mathcal{A}(x^{k})\otimes_{s}I_{m})$\end{document}$ is negative semidefinite, so it follows from the above equality that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl(d^{k0}\bigr)^{\mathrm{T}}\nabla f\bigl(x^{k} \bigr)\leq-\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+ \sum_{j\in\mathcal{E}} \bigl\vert \mu_{j}^{k0}h_{j} \bigl(x^{k}\bigr) \bigr\vert , $$\end{document}$$ *i.e.*, the inequality ([3.18](#Equ36){ref-type=""}) holds.

Next, we will prove the inequality ([3.17](#Equ35){ref-type=""}) is true. The rest of the proof is divided into three cases.
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                \begin{document}$\nabla f(x^{k})^{\mathrm{T}}d^{k1}\leq0$\end{document}$. From ([3.13](#Equ31){ref-type=""}) we have $\documentclass[12pt]{minimal}
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                \begin{document}$\delta_{k}=1-\xi$\end{document}$. It follows from ([3.10](#Equ28){ref-type=""}), ([3.13](#Equ31){ref-type=""}), ([3.18](#Equ36){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k} \leq&-\xi\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+ \xi\sum_{j\in\mathcal{E}} \bigl\vert \mu _{j}^{k0}h_{j} \bigl(x^{k}\bigr) \bigr\vert \\ \leq&-\xi\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+(3- \xi)\sum_{j\in\mathcal {E}} \bigl\vert \mu_{j}^{k0}h_{j} \bigl(x^{k}\bigr) \bigr\vert , \end{aligned}$$ \end{document}$$ that is, ([3.17](#Equ35){ref-type=""}) holds.

*Case* B. $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\nabla f(x^{k})^{\mathrm{T}}d^{k1}>0$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$\nabla f(x^{k})^{\mathrm{T}}d^{k1}\leq\nabla f(x^{k})^{\mathrm{T}}d^{k0}$\end{document}$. From ([3.13](#Equ31){ref-type=""}), one has $\documentclass[12pt]{minimal}
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                \begin{document}$\delta_{k}=1$\end{document}$. It follows from ([3.10](#Equ28){ref-type=""}), ([3.19](#Equ37){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k} =& \nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k1}\leq\nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k0} \\ \leq& -\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+ \sum_{j\in\mathcal{E}} \bigl\vert \mu _{j}^{k0}h_{j} \bigl(x^{k}\bigr) \bigr\vert , \end{aligned}$$ \end{document}$$ which implies ([3.17](#Equ35){ref-type=""}) holds.

*Case* C. $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\nabla f(x^{k})^{\mathrm{T}}d^{k1}>0$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\nabla f(x^{k})^{\mathrm{T}}d^{k1}>\nabla f(x^{k})^{\mathrm{T}}d^{k0}$\end{document}$. It follows from ([3.13](#Equ31){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \delta_{k} =& \biggl\vert (1-\xi)\frac{\nabla f(x^{k})^{\mathrm{T}}d^{k0}+(\mu ^{k0})^{\mathrm{T}}h(x^{k})}{\nabla f(x^{k})^{\mathrm{T}}(d^{k1}-d^{k0})} \biggr\vert \\ \leq&\frac{|(\xi-1)\nabla f(x^{k})^{\mathrm{T}}d^{k0}|+|(\mu^{k0})^{\mathrm{T}}h(x^{k})|}{\nabla f(x^{k})^{\mathrm{T}}(d^{k1}-d^{k0})}. \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
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                \begin{document}$\nabla f(x^{k})^{\mathrm{T}}d^{k0}\leq0$\end{document}$, then we obtain from the above inequality $$\documentclass[12pt]{minimal}
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                \begin{document}$$(1-\delta_{k})\nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k0}+ \delta_{k}\nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k1} \leq\xi\nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k0}+ \bigl\vert \bigl(\mu^{k0}\bigr)^{\mathrm{T}}h \bigl(x^{k}\bigr) \bigr\vert , $$\end{document}$$ which together with ([3.10](#Equ28){ref-type=""}) and ([3.18](#Equ36){ref-type=""}) gives $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k} \leq&-\xi\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+(1+ \xi)\sum_{j\in\mathcal{E}} \bigl\vert \mu_{j}^{k0}h_{j} \bigl(x^{k}\bigr) \bigr\vert \\ \leq&-\xi\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+(3- \xi)\sum_{j\in\mathcal {E}} \bigl\vert \mu_{j}^{k0}h_{j} \bigl(x^{k}\bigr) \bigr\vert . \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
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                \begin{document}$\nabla f(x^{k})^{\mathrm{T}}d^{k0}>0$\end{document}$, then the inequality ([3.21](#Equ39){ref-type=""}) gives rise to $$\documentclass[12pt]{minimal}
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                \begin{document}$$\delta_{k}\nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k1}- \delta_{k}\nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k0} \leq(1-\xi)\nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k0}+ \bigl\vert \bigl(\mu^{k0}\bigr)^{\mathrm{T}} h \bigl(x^{k}\bigr) \bigr\vert , $$\end{document}$$ which together with ([3.10](#Equ28){ref-type=""}) and ([3.18](#Equ36){ref-type=""}) shows $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k} \leq&-(2-\xi) \bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+(3- \xi)\sum_{j\in\mathcal {E}} \bigl\vert \mu_{j}^{k0}h_{j} \bigl(x^{k}\bigr) \bigr\vert \\ \leq&-\xi\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+(3- \xi)\sum_{j\in\mathcal {E}} \bigl\vert \mu_{j}^{k0}h_{j} \bigl(x^{k}\bigr) \bigr\vert . \end{aligned}$$ \end{document}$$ The inequalities ([3.22](#Equ40){ref-type=""}) and ([3.23](#Equ41){ref-type=""}) indicate that the inequality ([3.17](#Equ35){ref-type=""}) is true. □

Lemma 3.5 {#FPar19}
---------

*Suppose that the assumption* A1 *holds*. *If* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \overline{P}\bigl(x^{k};d^{k}; \sigma_{k}\bigr)-\overline {P}\bigl(x^{k};0; \sigma_{k}\bigr)< 0. $$\end{document}$$

Proof {#FPar20}
-----

From ([3.8](#Equ26){ref-type=""}) and ([3.9](#Equ27){ref-type=""}) we know that $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& {H_{k}}d+\nabla\mathcal{A}\bigl(x^{k}\bigr)^{\mathrm{T}} \lambda+\sum_{j\in\mathcal {E}}{\mu_{j}} {\nabla h_{j}\bigl(x^{k}\bigr)}=-\nabla f\bigl(x^{k} \bigr), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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From the definition ([3.6](#Equ24){ref-type=""}) of the function $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \overline{P}\bigl(x^{k};d^{k};\sigma_{k}\bigr)- \overline{P}\bigl(x^{k};0;\sigma _{k}\bigr) \\& \quad = \nabla f \bigl(x^{k}\bigr)^{\mathrm{T}}d^{k}-\sigma_{k} \sum_{j\in\mathcal {E}} \bigl\vert h_{j} \bigl(x^{k}\bigr) \bigr\vert \\& \quad \leq -\xi\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+(3- \xi)\sum_{j\in\mathcal {E}} \bigl\vert \mu_{j}^{k0}h_{j} \bigl(x^{k}\bigr) \bigr\vert -\sigma_{k}\sum _{j\in\mathcal {E}} \bigl\vert h_{j}\bigl(x^{k}\bigr) \bigr\vert \\& \quad \leq -\xi\bigl(d^{k0}\bigr)^{\mathrm{T}}H_{k}d^{k0}+ \Bigl((3-\xi)\max_{j\in\mathcal {E}} \bigl\vert \mu_{j}^{k0} \bigr\vert -\sigma_{k}\Bigr)\sum_{j\in\mathcal {E}} \bigl\vert h_{j}\bigl(x^{k}\bigr) \bigr\vert , \end{aligned}$$ \end{document}$$ the first inequality above is due to ([3.17](#Equ35){ref-type=""}).
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                \begin{document}$$ \overline{P}\bigl(x^{k};d^{k};\sigma_{k}\bigr)- \overline{P}\bigl(x^{k};0;\sigma_{k}\bigr)< 0, $$\end{document}$$ that is, the inequality ([3.24](#Equ42){ref-type=""}) holds. □

Lemma 3.6 {#FPar21}
---------

*Suppose that the assumption* A1 *holds*. *If Algorithm* [A](#FPar15){ref-type="sec"} *does not stop at the current iterate* $\documentclass[12pt]{minimal}
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                \begin{document}$t>0$\end{document}$ *small enough*, *so Algorithm * [A](#FPar15){ref-type="sec"} *is well defined*.

Proof {#FPar22}
-----

It follows from the Taylor expansion and ([3.6](#Equ24){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& P\bigl(x^{k}+td^{k};\sigma_{k}\bigr)-P \bigl(x^{k};\sigma_{k}\bigr) \\& \quad = t\nabla f\bigl(x^{k}\bigr)^{\mathrm{T}}d^{k}+ \sigma_{k}\sum_{j\in\mathcal {E}}\bigl( \bigl\vert h_{j}\bigl(x^{k}\bigr)+t\nabla h_{j} \bigl(x^{k}\bigr)^{\mathrm{T}}d^{k} \bigr\vert - \bigl\vert h_{j}\bigl(x^{k}\bigr) \bigr\vert \bigr)+o(t) \\& \quad = \overline{P}\bigl(x^{k};td^{k};\sigma_{k} \bigr)-\overline{P}\bigl(x^{k};0;\sigma_{k} \bigr)+o(t). \end{aligned}$$ \end{document}$$ The second equality above is due to ([3.7](#Equ25){ref-type=""}). From the convexity of $\documentclass[12pt]{minimal}
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                \begin{document}$$ \overline{P}\bigl(x^{k};td^{k}; \sigma_{k}\bigr)-\overline{P}\bigl(x^{k};0; \sigma_{k}\bigr)\leq t\bigl(\overline{P}\bigl(x^{k};d^{k}; \sigma_{k}\bigr)-\overline{P}\bigl(x^{k};0; \sigma_{k}\bigr)\bigr), $$\end{document}$$ which together with ([3.27](#Equ47){ref-type=""}) and Lemma [3.4](#FPar17){ref-type="sec"} gives for *t* small enough $$\documentclass[12pt]{minimal}
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                \begin{document}$$P\bigl(x^{k}+td^{k};\sigma_{k}\bigr)-P \bigl(x^{k};\sigma_{k}\bigr)\leq t\alpha\bigl(\overline {P} \bigl(x^{k};d^{k};\sigma_{k}\bigr)-\overline{P} \bigl(x^{k};0;\sigma_{k}\bigr)\bigr), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha\in(0,1)$\end{document}$. Hence, ([3.15](#Equ33){ref-type=""}) holds for sufficiently small $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t>0$\end{document}$.

In what follows, we prove ([3.16](#Equ34){ref-type=""}) holds for sufficiently small $\documentclass[12pt]{minimal}
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By summarizing the above discussions, we conclude that Algorithm [A](#FPar15){ref-type="sec"} is well defined. □

Global convergence {#Sec4}
==================
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Definition 4.1 {#FPar23}
--------------
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In order to analyze the global convergence, some additional assumptions are required: A2*The sequence* $\documentclass[12pt]{minimal}
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From the assumptions A2-A3, we obtain the following conclusions immediately.

Lemma 4.1 {#FPar24}
---------

*Suppose the assumptions* A2-A3 *hold*. *Then there exists a constant* $\documentclass[12pt]{minimal}
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Lemma 4.2 {#FPar25}
---------
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The following result is an important property of the penalty parameter $\documentclass[12pt]{minimal}
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Lemma 4.3 {#FPar26}
---------

*Suppose the assumptions* A1-A5 *hold*. *Then the penalty parameter* $\documentclass[12pt]{minimal}
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By using of Lemma [4.2](#FPar25){ref-type="sec"}, we obtain the following result.

Lemma 4.4 {#FPar27}
---------

*Suppose the assumptions* A1-A5 *hold*. *Then there exists a constant* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} {H_{*}}d+\nabla\mathcal{A}(x^{*})^{\mathrm{T}}\lambda+\sum_{j\in\mathcal {E}}{\mu_{j}}{\nabla h_{j}(x^{*})}=-\nabla f(x^{*}), \\ (\overline{\Lambda}_{*}\otimes_{s}I_{m})\nabla\mathcal{A}(x^{*})d+(\mathcal {A}(x^{*})\otimes_{s}I_{m})\lambda=0, \\ {\nabla h_{j}(x^{*})}^{\mathrm{T}}d=-h_{j}(x^{*}),\quad j\in\mathcal{E}. \end{cases} $$\end{document}$$
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From the above equalities and Lemma [4.2](#FPar25){ref-type="sec"}, we obtain the following conclusion.

Lemma 4.5 {#FPar28}
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*Suppose the assumptions* A1-A5 *hold*, *and* $\documentclass[12pt]{minimal}
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-----

It is clear from Lemma [4.2](#FPar25){ref-type="sec"} that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\lambda^{k}\}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\mu^{k}\}$\end{document}$ are bounded. Assume that *λ̂*, *μ̂* are accumulation points of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\lambda^{k}\}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\mu^{k}\}$\end{document}$, respectively. Without loss of generality, we assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda^{k}\stackrel{\mathcal{K}}{\longrightarrow}\hat{\lambda}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu^{k}\stackrel{\mathcal{K}}{\longrightarrow}\hat{\mu}$\end{document}$.

Obviously, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(d^{k}, \lambda^{k}, \mu^{k})$\end{document}$ satisfies the SLE ([3.25a](#Equ43){ref-type=""})-([3.25c](#Equ45){ref-type=""}). By taking the limit on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{K}$\end{document}$ in ([3.25a](#Equ43){ref-type=""})-([3.25c](#Equ45){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \nabla\mathcal{A}\bigl(x^{*}\bigr)\hat{\lambda}+\sum_{j\in\mathcal {E}} \hat{\mu}_{j}{\nabla h_{j}\bigl(x^{*}\bigr)}=-\nabla f \bigl(x^{*}\bigr), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \bigl(\mathcal{A}\bigl(x^{*}\bigr)\otimes_{s}I\bigr)\hat{\lambda }=0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& h_{j}\bigl(x^{*}\bigr)=0, \quad j\in\mathcal{E}. \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{*}\in\mathcal{F}_{0}$\end{document}$, *i.e.*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{A}(x^{*})\prec0$\end{document}$, then we know from Lemma [2.1](#FPar5){ref-type="sec"}(4) that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{A}(x^{*})\otimes_{s}I$\end{document}$ is nonsingular, so the equation ([4.6b](#Equ56){ref-type=""}) has a unique solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hat{\lambda}=0$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widehat{\Lambda}:=\operatorname{smat}(\hat {\lambda})=0$\end{document}$, so $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widehat{\Lambda}\mathcal{A}(x^{*})=0$\end{document}$. Together with ([4.6a](#Equ55){ref-type=""}) and ([4.6c](#Equ57){ref-type=""}), we conclude that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{*}$\end{document}$ is a KKT point of NLSDP ([1.1](#Equ1){ref-type=""}).

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{*}\in\Omega\backslash{\mathcal{F}}_{0}$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widehat{\Lambda }:=\operatorname{smat}(\hat{\lambda})$\end{document}$. It follows from ([4.6b](#Equ56){ref-type=""}) that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{sym}(\widehat{\Lambda}\mathcal{A}(x^{*}))=0$\end{document}$, which means that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widehat{\Lambda}\mathcal{A}(x^{*})$\end{document}$ is a skw-symmetric matrix. Hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{Tr}(\widehat{\Lambda}\mathcal{A}(x^{*}))=0$\end{document}$. According to Remark [2.2](#FPar12){ref-type="sec"}, we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\widehat{\Lambda}\mathcal{A}(x^{*})=0$\end{document}$. Combining with ([4.6a](#Equ55){ref-type=""}) and ([4.6c](#Equ57){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{*}$\end{document}$ is a stationary point of NLSDP ([1.1](#Equ1){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\lambda^{*}, \mu^{*})$\end{document}$ is the Lagrangian multiplier corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{*}$\end{document}$, that is, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \nabla\mathcal{A}\bigl(x^{*}\bigr)^{\mathrm{T}} {\lambda^{*}}+\sum _{j\in\mathcal {E}}{\mu^{*}_{j}} {\nabla h_{j}\bigl(x^{*} \bigr)}=-\nabla f\bigl(x^{*}\bigr), \\& \Lambda^{*}\mathcal{A}\bigl(x^{*}\bigr)=0, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Lambda^{*}=\operatorname{smat}(\lambda^{*})$\end{document}$. It is not difficult to verify that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\lambda^{*}, \mu^{*})$\end{document}$ is the solution of the following SLE: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \nabla\mathcal{A}\bigl(x^{*}\bigr)^{\mathrm{T}} {\lambda^{*}}+\sum _{j\in\mathcal {E}}{\mu^{*}_{j}} {\nabla h_{j}\bigl(x^{*} \bigr)}=-\nabla f\bigl(x^{*}\bigr), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \bigl(\mathcal{A}\bigl(x^{*}\bigr)\otimes_{s}I\bigr){ \lambda^{*}}=0. \end{aligned}$$ \end{document}$$ From ([4.6a](#Equ55){ref-type=""})-([4.6c](#Equ57){ref-type=""}), we know that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\hat{\lambda}, \hat{\mu})$\end{document}$ is also the solution of ([4.7a](#Equ58){ref-type=""})-([4.7b](#Equ59){ref-type=""}). It is clear from the assumption A1 that the solution of ([4.7a](#Equ58){ref-type=""})-([4.7b](#Equ59){ref-type=""}) is unique, therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hat{\lambda}={\lambda^{*}}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\hat{\mu}=\mu^{*}$\end{document}$. The proof is completed. □

Based on Lemma [4.6](#FPar30){ref-type="sec"}, the following conclusion is obvious.
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Based on Lemmas [4.6](#FPar30){ref-type="sec"}-[4.8](#FPar33){ref-type="sec"}, the following global convergence of Algorithm [A](#FPar15){ref-type="sec"} is immediate.

Theorem 4.1 {#FPar35}
-----------
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Numerical experiments {#Sec5}
=====================
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The test problems are described as follows:

I. The first test problem is Rosen-Suzuki problem \[[@CR29]\] combined with a negative semidefinite constraint and denoted by *CM*: $$\documentclass[12pt]{minimal}
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II\. We select some test problems from \[[@CR7]\] only with equality constraints and we add a negative semidefinite matrix constraint. We select the problems HS6, HS7, HS8, HS9 combined with the following $\documentclass[12pt]{minimal}
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III\. Nearest correlation matrix problem (NCM for short) (see \[[@CR23]\]): $$\documentclass[12pt]{minimal}
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Concluding remarks {#Sec6}
==================

We have presented a globally convergent QP-free algorithm for nonlinear SDP problems. Based on KKT conditions of nonlinear SDP problems and techniques of perturbation, we construct two SLEs skillfully. Under some linear independence condition, the SLEs have unique solution. At each iteration, the search direction is yielded by solving two SLEs with the same coefficient matrix; some penalty function is used as the merit function for line search and the penalty parameter is updated automatically in the algorithm. The preliminary numerical results show that the proposed algorithm is effective and comparable.
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